Tulczyjew's triples and lagrangian 
submanifolds in classical field theories 



Manuel de Leon, David Martm de Diego, 
Aitor Santamarfa-Merino 

Instituto de Matemdticas y Fisica Fundamental 
Consejo Superior de Investigacion Cientifica 
Serrano 123, 28006 Madrid, Spain 
email: mdeleon@imaff.cfmac.csic.es, d.martin@imaff.cfmac.csic.es 
aitors@imaff. cfmac. csic. es 



Abstract 

In this paper the notion of Tulczyjew's triples in classical mechanics is extended to 
classical field theories, using the so-called multisymplectic formalism, and a conve- 
nient notion of lagrangian submanifold in multisymplectic geometry. Accordingly, 
the dynamical equations are interpreted as the local equations defining these la- 
grangian submanifolds. 
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1 Introduction 



In middle seventies, W.M. Tulczyjew [23,24] introduced the notion of special 
symplectic manifold, which is a symplectic manifold symplectomorphic to a 
cotangent bundle. Using this notion, Tulczyjew gave a nice interpretation of la- 
grangian and hamiltonian dynamics as lagrangian submanifolds of convenient 
special symplectic manifolds. 

The other ingredients in the theory were two canonical diffeomorphisms a : 
TT*Q — > T*TQ and f3 : TT*Q — > T*T*Q. (3 is nothing but the mapping 
obtained by contraction with the canonical symplectic form cuq, but the defini- 
tion of a is more complicated, and requires the use of the canonical involution 
of the double tangent bundle TTQ. 
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The theory was extended to higher order mechanics by several authors (see for 
instance [2,3,6,8,12]). But the extension to classical field theories has not been 
achieved up to now. There is a good approach by Kijowski and Tulczyjew [11], 
and in fact, the present approach is strongly inspired in that monograph. 

The key point is a better understanding of the geometry of lagrangian sub- 
manifolds in the multisymplectic setting. A systematic study of the geometry 
of multisymplectic manifolds was started by Cantrijn et al at the beginning of 
the nineties [7], followed by a pair of papers which clarify that geometry [4,5] 
(a more detailed study [18] is in preparation). 

A multisymplectic manifold is a manifold equipped with a closed form which 
is non-degenerate in some sense. The canonical examples are the bundles of 
forms on an arbitrary manifold, providing thus a nice extension of the notion 
of symplectic manifold. However, this definition is too general for practical 
purposes. Indeed, in order to have a Darboux theorem which would permit 
us to introduce canonical coordinates, we need additional properties. In other 
words, if we want to deal with multisymplectic manifolds which locally behave 
as the geometric models we need to consider multisymplectic manifolds {V, il) 
with additional structure, given by a 1-isotropic foliation W satisfying some 
dimensionality condition, or, even a "generalised foliation" S defined roughly 
speaking on the space of leaves determined by W. 

The tangent and cotangent functors are now substituted by the jet prolonga- 
tion functor and the exterior power functor, respectively, so that we obtain 
canonical diffeomorphisms a : J^Z* — > k^'^^Z and jS : J^Z* — ^ K^'^^Z*, 
where Z is the 1-jet prolongation of the fibred manifold Y — > X, X being 
the space-time n-dimensional manifold, and Z* is the dual affine bundle of 
Z. Here a tilde over a manifold of jets means that we are taking a quotient 
manifold in order to have only those elements with the same divergence. 

Using a convenient formulation of the field equations with Ehresmann connec- 
tions, we construct the corresponding lagrangian submanifolds which encode 
the dynamics. Indeed, we present a compact form for the De Bonder and field 
equations as follows. From the lagrangian density L = Lr] (r^ is a volume 
form on X), we construct the Poincare-Cartan (n -|- l)-form Ql on Z; then 
the extremals for L coincide with the horizontal sections of any Ehresmann 
connection h in the fibred manifold Z — > X satisfying the equation 

ih^L = {n- 1)VLl. 

Since a connection in Z — > X can be interpreted as a section of the 1- 
jet prolongation J^Z — > Z, we have all the ingredients we need. In fact, 
the Euler-Lagrange equations are just the local equations defined by a k- 
lagrangian submanifold of J^Z*, the latter being a multisymplectic manifold 
equipped with the multisymplectic form Qq, dragged via a from the canonical 
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one on A^+^Z. 



A similar procedure can be developed in the hamiltonian setting, but in this 
case we would need to choose a convenient hamiltonian form. This hamiltonian 
form is obtained through the corresponding Legendre transformation Lcql '■ 
Z — > Z*. Finally, both sides are related. 



2 Lagrangian submanifolds and classical mechanics 

2.1 Some prelimaries 

Let (V, a;) a finite dimensional symplectic vector space with symplectic form 
uj. This means that c<j is a 2-form on a vector space V which is non-degenerate 
in the sense that the linear mapping 

is injective (and hence it is a linear isomorphism). 

Therefore, V has even dimension, say 2n, and the non-degeneracy is equivalent 
to the condition uj"^ ^ 0. 

A linear isomorphism : (Vi,a;i) — > (V2,i^2) is called a symplectomorphism 
if preserves the symplectic forms, say 0*a;2 = uJi- 

Take a subspace £^ C V, and define the a;-complement of E as follows: 

^ {v eV \ ivAe<^ = 0, for all e e E}. 

The subspace E is said to be isotropic (rcsp. coisotropic, lagrangian, symplec- 
tic) HEcE^ (resp. E^ C E, E ^ E^, E (1 E^ ^ {0}). 

An useful characterization of a lagrangian subspace E, is that it is a maximally 
isotropic subspace or, equivalently, on a finite dimensional symplectic vector 

space, it is isotropic and dim E — - dim V. 

The algebraic model for a symplectic vector space is the following. Given 
an arbitrary vector space V we construct Vv = V (B V* equipped with the 
symplectic form ljv defined by 

i^v{{vi, 7i), {v2, 72)) = 71(^2) - 72(^^1), 
for all (^1,71), (^2,72) e Vv- 
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We know that V and V* are lagrangian subspaces of (Vvj^^v)- Moreover, 
every symplectic vector space (V, a;) is symplectomorphic to {Vc,i^c) for any 
lagrangian subspace C of (V,a;). 

In addition we can prove that a hncar isomorphism : (Vi,cJi) — > {V2-UJ2) 
is a symplectomorphism if and only if its graph {{v, 0(f)) | w G Vi} C Vi x V2 
is a lagrangian subspace of the symplectic manifold (Vi x V2,uJi QUJ2), where 
Co"! 0a;2 = ttIcoi — t^\'jJ2-, tti : Vi, XV2 — Vi and 7r2 : Vi, x V2 — >■ V2 being the 
canonical projections. 

A symplectic manifold is a pair (VjCu), where a; is a closed 2-form such that 
the pair (Tj;P, uj^) is a symplectic vector space for any x E V. Thus, V has 
even dimension, say 2n. 

Therefore, given a function / : V — M there exists a unique vector field (the 
hamiltonian vector field Xf with hamiltonian energy /) such that 

ixf a; = df. 

Let now ttq : T*Q — > Q be the cotangent bundle of an arbitrary manifold Q. 
There exists a canonical 1-form 6q on T*Q defined by 

eQ{^)(X) ^ {^,TnQ(X)) 

for all X e T^{T*Q) and for all 7 G T*Q. 6q is the Liouville 1-form, and in 
bundle coordinates {q,p) we have 

Oq = pdq. 

So, cuq — —dOq is a canonical symplectic form on T*Q such that ujq — dqAdp. 

As is well known, Darboux theorem states that any symplectic manifold is 
locally symplectomorphic to a cotangent bundle. More precisely, one can find 
local coordinates around each point of a symplectic manifold {V, uj) such that 

LU = dq A dp. 

The following results are the main examples of lagrangian submanifolds. 
Theorem 2.1 

(i) The image of a hamiltonian vector field Xf on a symplectic manifold 
{V, u)) is a lagrangian submanifold of the tangent lift symplectic manifold 
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(a) The fibres ofT*Q are lagrangian suhmanifolds of {T*Q,ujq) . 
(in) The image of a 1-form ^ on a manifold Q is a lagrangian suhmanifold of 
{T*Q,ujq) if and only if j is closed. 

(iv) Given a diffeomorphism (j) : {Vi^uJi) — > (P2,'^2) between two symplectic 
manifolds then (f) is a symplectomorphism if and only if its graph is a 
lagrangian submanifold in the symplectic manifold {Vi x 7^2, <^2)- 

There is an important theorem due to A. Weinstein which gives the normal 
form for a lagrangian submanifold £ in a symplectic manifold (V,uj). 

Theorem 2.2 Let (V,uj) be a symplectic manifold, and let C be a lagrangian 
submanifold. Then there exists a tubular neighbourhod U of C in V, and a 
diffeomorphism : U — > V — (j){U) C T*jC into an open neighbourhood V of 
the zero cross-section in T*C such that (t>*0Jc — ^\u, where ujc is the canonical 
symplectic form on T*C 

2.2 Lagrangian and hamiltonian dynamics 

We shall recall the main results, more details can be found in [19]. 

Let L : TQ — > R be a lagrangian function. We construct a 2-form lol by 
putting 

where 6l = S*{dL). Here S* is the adjoint operator of the canonical vertical 

d 

endomorphism S — dq ® — . We have omitted the indices of the coordinates, 

aq 

and used the notation {q, q) for the bundle coordinates on the tangent bundle 
tq:TQ^ Q. 

The energy function is defined by 

El = A(L) - L 

d 

where A = g— is the Liouville or dilation vector field. 
oq 

In local coordinates we have 

ojl^ dqA dp, Ec ^ qp - L, 

dL 

where p = — — . The lagrangian is regular if and only if the hessian matrix 
aq 
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is non-singular, where i,j — l,...,n — dim Q. 

We have that L is regular if and only if cul is symplectic. In such case, there 
is a unique vector field satisfying the equation 

i^^ujL^dEL. (2.1) 



is a second order differential equation on TQ such that its solutions (the 
curves in Q whose lifts to TQ are integral curves of ^l) are just the solutions 
of the Euler-Lagrange equations for L: 




Let now H : T*Q — > M be a hamiltonian function. We denote by Xh the cor- 
responding hamiltonian vector field with respect to ujq. In bundle coordinates 
we have 

^ _dH d _dH d 
^ dp dq dq dp 

Therefore, the integral curves {q{t),p{t)) of Xh satisfy the Hamilton equations 



dq _dH 
dt dp 
dp __dH 
dt dq 



The lagrangian and hamiltonian formalisms are connected through the Legen- 
dre transformation. More precisely, given a lagrangian function L : TQ — > M 
we define a fibred mapping LegL : TQ — ^ T*Q over Q by 

Legiiq^q) = il: 

We know that L is regular if and only if Lcql is a local diffeomorphism. For 
simplicity, we will assume that C is hyper regular, which means that Leg^ is a 
diffeomorphism. In such case, Leg^ is in fact a symplectomorphism and, there- 
fore, and Xh are Leg i-ielated, when H = o Legi^^. As a consequence, 
the Euler-Lagrange equations are translated into the Hamilton equations via 
LegL. 
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2.3 Dynamics as lagrangian submanifolds 



In [23,24] W.M. Tulczyjew defined two canonical diffeomorphisms 



a : TT*Q — > T*TQ 
P : TT*Q — > T*T*Q 

locally given by 



P{(1,P, Q, p) = {(i,p, -PA) 

with the obvious notations, where we have omitted the indices for the sake of 
simplicity 

The second diffeomorphism is nothing but the contraction with the canonical 
symplectic form ujq on T*Q. The intrinsic definition of a is more involved, 
and we remit to [23] for details. We have the following commutative diagram 
which justifies the name of Tulczyjew' s triple for the above construction: 

a 3 
T*TQ " TT*Q T*T*Q 




TQ T*Q 



The manifold TT*Q is endowed with two symplectic structures, in principle 
different. Indeed, they are cJq, = a*ujTQ and = f3*ujT*Q- A direct compu- 
tation shows that both coincide up to the sign (say a;^ + u;^ = 0), and, in 
addition, that the symplectic form uj^ is nothing but the complete or tangent 
hft of UQ to TT*Q. 

We denote by 6^ = a*9TQ and Of^ = P*9t*q, such that LUa = —d9a and 
ujp = —dOfj. In local coordinates we have 

6 a = pdq + pdq 
9 = —pdq + qdp 

In fact, TT*Q, equipped with the symplectic form cua = — <^/3 = ujq is an 
example of special symplectic manifold according to the definition introduced 
by Tulczyjew in [23]. 

Definition 2.3 A special symplectic manifold is a symplectic manifold {V,u!) 
which is symplectomorphic to a cotangent bundle. More precisely, there exists 
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a fibration vr : V — > M , and a 1-form 6 on V, such that uj = —dO, and 
a : V — > T*M is a diffeomorphism such that ttm o a — tt and a*9M — 0- 

The following is an important result for our discussion. 

Theorem 2.4 Let {V,uj = —dO) an special symplectic manifold, let f : M — > 
M. be a function, and denote by Nf the submanifold of V where df and 6 co- 
incide. Then Nf is a lagrangian submanifold of {V, co) and f is a generating 
function. 

Theorem 2.4 applies to the particular case of Mechanics. Indeed, if we consider 
a lagrangian function L : TQ — > M we obtain a lagrangian submanifold Nl 
of the symplectic manifold {TT*Q, Ua) with generating function L. 

Now, assume that H : T*Q — > ]R is a hamiltonian function, with hamiltonian 
vector field Xh- 

We have the following results. 

Theorem 2.5 

(i) The image of Xh is a lagrangian submanifold of {TT*Q,uj^. 

(ii) The image of dH is a lagrangian submanifold of {T*T*Q,ujt*q). 
(ill) PilmXn) = ImdH. 

Finally, we relate both lagrangian submanifolds Nl and Im Xh- 

Theorem 2.6 Let H be the hamiltonian function corresponding to the hy- 
perregular lagrangian function L, say H = El o Legj} . Then we have Nl — 
Im Xh. 



3 Multisymplectic manifolds and their lagrangian submanifolds 

3.1 Multisymplectic vector spaces 

Definition 3.1 Let fl be a {k + l)-form on a vector pace V. The pair (V, fl) 
is called a multisymplectic vector space if the form fl is non- degenerate, that 
is, the linear mapping 

is injective. The form fl is called multisymplectic. 

Let (Vijfli) and {V2,fl2) be two multisymplectic vector spaces (of the same 
order {k + 1)) and let (j) : (Vi, Qi) — (V2, ^^2) be a linear isomorphism. 
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Definition 3.2 is called a multisymplectomorphism if it preserves the mul- 
tisymplectic forms, i.e. (f)*fl2 — f^i- 

Example 3.3 Let V be an arbitrary vector space and consider the direct 
product Vv — V X A'^V*. Define a /c-form Qy on ^ follows: 

k 

^v((vi,-fi), (vk+i, 7fc+i)) = Yl (-l)'7i(^^i, ...,Vi,..., Vk+i), 

for all (wj, 7j) G Vy, = 1, • • • , A; + 1, where a check accent over a letter means 
that it is omitted. A direct computation shows that fly is indeed multisym- 
plectic. 

If is a vector subspace of V, we consider the subspacc Vy = V x A'^V*, 
where A'^V* denotes the space of /c-forms on V vanishing when applied to at 
least r of their arguments from E. Of course, Vy equipped with the restriction 
Qy of Qy to Vy is a multisymplectic vector space, li E = {0} we recover Vy. 

Let {V,Q) be a multisymplectic vector space of order k + 1, and W C V a 
vector subspace. We define 

yV^'i ^{veV\ ivAwiA-AwP = 0, for all Wi,...,wie W}. 

Definition 3.4 W is said to be 

(i) /-isotropic ifWc W"^''; 

(ii) /-coisotropic ifW'^''' C W; 
(Hi) /-lagrangian ifyV = W^'''; 

(iv) multisymplectic ifWriW-^''' = {0}; 

Proposition 3.5 A subspace W is l-lagrangian if and if it is l-isotropic and 
maximal. 

Proposition 3.6 Let V an arbitrary vector space. Then: 

(i) V is a k-lagrangian subspace ofVy and Vy, for all r; 

(ii) A'^V* (resp. A^V*) is a l-isotropic subspace ofVy (resp. Vy). 

Proof: 

(i) A direct computation shows that 

V^''' = {{x, 7) I ny{{x, 7), {xi, 0), . . . , {xk, 0)) = 0, for aU xi, . . . , Xk} 

which is equivalent to the condition 7(^1, . . . , Xk) = for all Xi, . . . , Xfe G V, 
and therefore 7 = 0. Hence V-^''' — V. 

The same proof holds for Vy- 
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(a) We have to prove that 
which is obvious because 

^(0,7i)A(0,72) = 0. 

The same argument works for Vy. ■ 
Remcirk 3.7 In addition, notice that 

{A'^V*)^'^ = AV* 
which imphes that A'^V* is in fact 1-lagrangian. 

Theorem 3.8 [20,21] Let (V, ^2) he a multisymplectic vector space and W C 
V a 1-isotropic subspace such that dim W = dimA^(V/W)* and dimV/W > 
k. Then there exists a k-lagrangian subspace VofV which is transversal to W 
(i.e. V nW — {0}) such that {V,fl) is multisymplectomorphic to the model 

(Vy,Qy). 

Proof: First step: Define the mapping 

i : w — >A^{y/wY 

V >—>■ i[v) = iyfl 

where i^Q is the induced hnear form from i^Q e A'^V*. Notice that i^Q is 
well-defined because the isotropic character of W. In addition, t is a linear 
isomorphism because of the regularity of fl. 

Second step: Such a subspace W is unique. First of all, we shall prove that if 
u, V eV are Unearly independent vectors satisfying i^Av fi = 0, then span {u, v)r\ 
W 7^ {0}. Otherwise, we could choose Vi, . . . , ^ V with Vi such that 
{u, v,Vi, . . . , Vk-2} are linearly independent and span {u,v,Vi, . . . , t'fe_2) n W = 
{0}, because the codimension of W is at least k. But for any w e W we 
would have iwAuAvAviA-AVk-2 ^ = which contradicts the fact that l : W — 
A'^{V/W)* is an isomorphism. 

Next, let W and W" be two subspaces of V satisfying the hypothesis of the 
theorem. Assume that W 7^ W; then, there exists v e W such that v ^ W. 
Using the argument above, we deduce that W fl W has dimension at least 1. 
Consider the subspace Z = 7r(f ) A Afc_i(V/>V) of Afe(V/W), where A^V is the 
space of r-vectors on V, and vr : V — > V/W is the canonical projection. Of 
course, dim Z > 1, and we have l{w){z) = for any w eW H W and for any 
z E Z. Hence we would have w e ker l. 
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Third step: There exists a A;-lagrangian subspace V such that V = W (B V. 
Obviously, there are fc-isotropic subspaces U such that t/fl W = {0}. To show 
this last assertion, one could take a vector v e V such that u ^ W. It is 
obvious that span (u) is ^-isotropic. 

Assume that U®W = V. Then W n f/-^-^ C ker t and hence W n U-^''' = {0}. 
Therefore U = IJ-^''', and U is /c-lagrangian. 

Suppose now that U ®W y^V, then U ^ U^^^\ indeed, if [/ = (that 
is, if [/ were /c-lagrangian) then there would be a vector a; e V such that 
X ^ U ® W, and then U © span (x) would be A;-isotropic in contradiction 
with the maximality of U . Therefore, there is a vector v e U'^'^ such that 
V ^ U\J W, and we would have a /c-isotropic subspace U' — U ® span [u] such 
that [/' n W = {0}. If [/' ® W 7^ V, we can repeat the argument and will 
eventually arrive at a A;-isotropic subspace V which is complementary to W. 
And using the argument above, we conclude that V is in fact /c-lagrangian. 

Fourth step: Define a linear mapping 

: W — > A V* 

0H = —j^^{'i'w^)\v 

A direct computation shows that is an isomorphism. Next, we define 
ip-.V — >V X AV* 

which is also an isomorphism such that — Q.. ■ 

Remark 3.9 A direct application of Theorem 3.8 shows that there exists a 
basis (a Darboux basis) {ei, . . . , e„, fa-i_...ak} such that {cj} is a basis of V and 
{/ai...afc} is a basis of W satisfying the relations 

if Q = e* A - ■■ Ae* 

where {e*, . . . , e*} denotes the dual basis of {ei, . . . e„}. Therefore we have 

= E /i...a. A A • • ■ A e;^ (3.3) 

a 

where {f*^,„aj is the dual basis of {fai...ak}- 

Definition 3.10 A triple {V,fl,yV) satisfying the hypothesis in Theorem 3.8 
will be called a multisymplectic vector space of type {k + 1,0). 
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Theorem 3.11 Let (V, fl) be a multisymplectic vector space and W G V a 1- 
isotropic suhspace. Assume that £ C V/W is a vector suhspace of the quotient 
vector space V/W. Let us denote by tt : V — > V/W the canonical projection. 
Assume that 

(i) iy^A-Avr ^ = ifiT{vi) e £, for all i = 1, . . .,r; 

(a) dimW = dim A^ (V/W)*, where the horizontal forms are considered with 

respect to the subspace £; 
(ill) dim(V/>V) > k. 

Then there exists a k-lagrangian subspace V of V which is transversal to W 
(i.e., V nW — {0}) such that {V,fl) is multisymplectomorphic to the model 

Proof: First, we define the linear isomorphism 

f.w — > A':.{v/wy 

w I— > l{w) = i^n 

where i^^ is the induced /c-form using that W is isotropic and that ^2 satisfies 
the first condition above. 

Next, one follows the arguments given in the proof of Theorem 3.8. ■ 

Remark 3.12 A direct application of Theorem 3.11 shows that the multi- 
symplectic form D, can be written as the canonical multisymplectic form fly 
on Vy by choosing a convenient Darboux basis. 

Definition 3.13 A triple {V,Q,}V,S) satisfying the hypothesis in Theorem 
3.11 will be called a multisymplectic vector space of type {k + l,r). 

Let (Vi, VLi) and (V2, ^^2) be two multisymplectic vector spaces of order k+1. 
Take the direct product Vi x V2 endowed with the (fc + l)-form Q,iQQ,2 — 
7r*Qi — 772^2, where tti : Vi x V2 — > Vi and 712 : Vi x V2 — > V2 are the 
canonical projections. Then (Vi x V2, fti Q $^2) is a multisymplectic vector 
space. 

Proposition 3.14 Let (Vi,Qi) and {V2,^2) be two multisymplectic vector 
spaces of order {k + 1) and (f) : Vi — > V2 a linear isomorphism. Then (f) is a 

multisymplectomorphism if and only if its graph is a k-lagrangian subspace of 
the multisymplectic vector space (Vi x V2, i^i ^2)- 

Proof: We recall that 
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(graph = e Vi x V2 | {nien2){{x,y),{xi,(f){xi)), . . . ,{xk,(f){xk)) = 0, 

Vxi, ...,XkeVi} 

Assume that 4>*il2 = i^i, then if (x, 0(a;)) e graph 0, we have 

{fli e ri2)((a;, 0(a;)), (xi, (p{xi)), .... (xk, (t){xk)) 
= Qi{x,xi, ...,Xk)- fl2{4>{x),(l){xi), . . .,(l){Xk)) 

^Ql{x,Xi,..., Xk) - (t)*^2{x, Xi, . . . , Xk) 

= 

which imphes that graphs C (graph 0)-*-'^. 

Conversely, if graphs is A;-isotropic, we have (x, 0(x)) e (graph 0)-*-'*^ for all 
X e Vi, and therefore 0*^2 = ^i- 

In addition, if graph is A;-isotropic, it is also A;-lagrangian. In fact, if (x, y) e 
(graph 0)-*-'*^ then we have 

Vt2{(t){x) - y, ^(xi), . . . , (l){xk)) = 

for all Xi, . . . , Xfe e Vi and therefore y — (f){x) because of the regularity of the 
multisymplectic form Q2 and the fact that is an isomorphism. ■ 

3.2 Multisymplectic manifolds 

Definition 3.15 A multisymplectic manifold iV,^) is a pair consisting of a 
manifold V equipped with a closed {k + l)-form Q such that the pair (T^-P, VLx) 
is a multisymplectic vector space for all x e V. The form Q is called multi- 
symplectic. 

Example 3.16 Let K^M be the space of A;- forms on an arbitrary manifold 
M, and denote by p : K^M — > M the canonical projection. We define a 
canonical /c-form Q\j on h!^M as follows: 

e^(7)(Xi, . . . = 7(TpXi, . . . ,TpXfc), 

for all Xi, . . . , Xfc e T^{K^M) and for all 7 e K^M. 

A direct computation shows that [K^M, Vt\j — —dQ\j) is a multisymplectic 
manifold (of order A; + 1). 

Assume now that M is a fibred manifold over a manifold A^, say vr : M — > N is 
a fibration. Consider the bundle A^M of fc-forms on M which are r-horizontal 
with respect to the fibration tt : M — > N, that is, those A;-forms 7 on M 
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such that ixiA---AXr 7 = when Xi, . . . ,Xr are vr-vcrtical. The space A^Af is 
a submanifold of A^M, and hence we have the restriction (0M)r of ©m 
AjrM. A simple computation shows that the pair (A^M, (^2^/)^ = —d{QM)r) 
is also a multisymplectic manifold. Of course, we have {^M)\AkM = {^M)r- 
The canonical projection will be denoted by pr : A^M — )• M t 

Following the notion of special symplectic manifold introduced by Tulczyjew 
we can give the following definition. 

Definition 3.17 A special multisymplectic manifold (V.Q) is a multisym- 
plectic manifold which is multisymplectomorphic to a bundle of forms. More 
precisely, Q = —dQ, and there exists a diffeomorphism a : V — > A^M (or 
a : V — > A^M ), and a fihration n : V — > M such that p o a = n ( resp. 
Proa — n) and = q;*0m (resp. — a*{QM)r)- 

Definition 3.18 LetM he a submanifold of a multisymplectic manifold {V, 
of order k + 1. M is said to be /-isotropic (resp. /-coisotropic, /-lagrangian, 
multisymplectic^ ifT^M is a l-isotropic (resp. l-coisotropic, l-lagrangian, mul- 
tisymplectic) vector subspace of the multisymplectic vector space {T^V, Jlj;) for 
all X eJ\f. 

Proposition 3.19 

(i) The fibres of p : A'^M — M (and of pr : A^M — > M) are l-isotropic. 
(a) The image of a k-form •y onM (resp. a r-horizontal k-form) is k-lagrangian 
if and only if 7 is closed. 

Proof: It follows from Proposition 3.6. ■ 

If 7 is a (r-horizontal) closed fc-form on M, then (— c?(0M)r)|Im7 ~ ^ which 
implies that ((0M)r)|Im7 locally closed, say 

((0M)^)|Im7 = 
and 9 is called a generating k-form. 

Definition 3.20 A triple {V,Q,yV), where W is a l-isotropic involutive dis- 
tribution on {V,Q) such that the triple (T^P, rij;, yV(x)) is a multisymplectic 
vector space of type {k + 1,0), for all x G V, will be called a multisymplectic 
manifold of type {k -\-l,0). 

Theorem 3.21 [21] Let {V.Q) be a multisymplectic manifold of type {k + 
1,0). Let C be a k-lagrangian submanifold such that TC fl VV|£ = {0}. Then 
there exists a tubular neighbourhood U of C in V , and a diffeomorphism 
$ : U — > V — ^{U) C A^C into an open neighbourhood V of the zero 
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cross-section in A^C such that ^*{{fl'^)\v) — ^\U) where is the canonical 
multisymplectic {k + l)-form on A^C. 

Remcirk 3.22 Along the paper, the distribution W and the corresponding 
vector bundle ttq : W — V over V will be denoted by the same letter. 

Proof: 

First of all, we recall the relative Poincare lemma, which will be very useful 
in what follows. 

Lemma 3.23 (Helative Poincare lemma^ Let N be a submanifold of a 
differentiable submanifold M, and let U be a tubular neigbourhood of N with 

bundle map ttq : U — > N. Notice that ttq : U — > N is a vector bundle. 
Denote by A the dilation vector field of this vector bundle, and let (ft be the 
multiplication by t. If we define an integral operator on forms on U as follows 

I{fl)p = [ iAt (fil^pdt 
Jo 

where At — jA, and p & U, then we have 

i{dn) + d{m) = n- 7ro(i)|jv) 

where Q|7v is the form on N obtained by restricting D, pointwise to TN (observe 
that U can be taken as a normal bundle ofTN in M). 

Next, we shall prove the following result. 

Lemma 3.24 Let {V, il, W) be a multisymplectic manifold of type (A; + 1, 0). 

Let C be a k-lagrangian submanifold ofV which is complementary to W (that 
is, TC © yV\c = TV\c)- Then there is a tubular neighbourhood U of C and a 
diffeomorphism $ : U — >• V C A^C where V is an neighbourhood of the zero 
section, such that is the standard identification of C with the zero section 
of A^C, and 

Proof of Lemma 3.24 

Firstly, we define a vector bundle morphism over the identity of C by 

(t){w) = -^-^^w^- 

Obviously is injective, and since the dimensionality assumptions, we deduce 
that is in fact a vector bundle isomorphism (see the diagram) . 
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Since TV\c = TC © W|£, then induces a difFeomorphism on a tubular neigh- 
bourhood defined by W onto a neighbourhood of C in K^C (as usual, the 
latter embedding is understood as the identification of C with the zero sec- 
tion). We shall denote the restriction of 4> to this tubular neigbourhood by /. 
Notice that the restriction of / to £ is just the identity, so that T f is also 
the identity on TL; on the other hand, Tf restricted to W coincides with 
because it is fiberwise hnear. Using the identifications TV\c — TC © >V|£ and 
TK^C\c ^TC® A^C, we have 



Wi), . . . , (Vfc+i, Wfc+i)) = . . . , 0(Wfc+i)) 

fe+1 

= (-1)' (t>{Wi){vi, ...,Vi,..., Vk+l) 
i=l 

fe+1 I 

= 77—7 ^(^1' ■ ■ ■ > ■ ■ ■ > f^fe+l) 

= n{{vi, wi), . . . , (vfc+i, Wfc+i)) 

which implies f*Q'^ — Q on C 

Next, we use / to pushforward Q to obtain a fc-l-l-form Qi in a neighbourhood 
of £ in A''C. Using Lemma 3.23 we deduce that fli = dOi, where 61 = /(^i). 
Recall that = -dO^, and 

(e^)ir = (61)1^ = (3.4) 

because of the definition of /. Define 

Qt = Q^ + i(Qi-Q^), te[0,l]. 

Since 

is non-singular, and this is an "open condition" , we can find a neighbourhood 
of jC in A'^C on which all Qt are non-singular for all t G [0, 1]. In addition, 
Wc — ker{Tp : TA''jC — > TjC} is 1-isotropic for all fi*, in such a way that 
{A'^C, fit, Wc) is a multisymplectic manifold of type {k + 1, 0), for all t. Notice 
thatfii-fi^ = ci(ei + e^). 

^Prom (3.4) we deduce that there is a unique time-dependent vector field Xt 
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taking values in Wc (in other words, p-vertical) such that 

Since the vector field Xt vanishes on C, we can find a neighbourhood of JC in 
A'^C such that the flow ipt of Xt is deflned at least for alH < 1. Therefore we 
have 



= ifl{-d{Qi - e^) + - n^) = 0. 

Then we have 

But = imphes {'{'t)\c = idle and then we deduce that (fiio f gives the 

desired local diffeomorphism. ■ 

Lemma 3.25 Let {V, W) be a multisymplectic manifold of type {k + 1,0). 

Let C be a k-isotropic submanifold of V which is transversal to W (that is, 
TC! n W|£' = {0}^. Then there is a k-lagrangian submanifold C" ofV which 
is complementary to W and contains C. 

Proof of Lemma 3.25: 

Since C is transversal to W we can choose a submanifold C" of U' such that 
C is a deformation retract of C", and C" is complementary to W. As in 
the theorem above, since TV\c" — TC" ® W|£", then W induces a tubular 
neighbourhood of C" in the usual way: tti : U' — > C" . 

Next, we apply the relative Poincare lemma to the restricted form ^2 to this 
tubular neigborhood. Therefore, there is a A;-form jjt, on U' such that 

d/i — ^} — irKfl^c") 

(indeed, ii = 

Now, we can repeat the construction developed in the proof of Lemma 3.24 
for the k + 1-form dfi. In fact, the mapping i/j : W — > A^C" defined by 

■0(w) = — {iud/i) is a vector isomorphism, and it induces a local diffeo- 

k + 1 

morphim g : U" C U' — > g{U") C A'^C"; g restrited to C" is the identity, and 
ip on the fibers. Again we can prove 

g*Q,^„ = d/J, 
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since = 0. Proceeding as in the proof of Lemma 3.24 we can find a local 

diffeomorphism ^ from a tubular neigbourhood V of C" onto a neighbourhood 
of the zero section of A'^C" which maps £" onto the zero section, and such 
that 

on V. 

Now, if j : C — > C" is the natural inclusion, we know that j induces an iso- 
morphism in cohomology. Therefore = = implies [f2|£"]r>i?, = 0, 
and we deduce that fl\c" = du, for some /c-form v on C" . A direct computation 
shows now that 

£ = ^-io(-i/)(£") 

is a /c-lagrangian submanifold in (P, Q), and in addition TV\c — TC ® W|£. 
■ 

Corollary 3.26 A multisymplectic manifold {V,fl,yV) of type {k + 1,0) is 
locally multisymplectomorphic to a canonical multisymplectic manifold A'^M 
for some manifold M. Therefore, there are Darhoux coordinates around each 
point ofV. 

Proof: We only need to choose a point in Lemma 3.25, and then apply The- 
orem 3.21. ■ 

Definition 3.27 Let (VjQ) be a multisymplectic manifold of order k + 1. As- 
sume thatW is a 1 -isotropic foliation of{V,Vl), and £ is a "generalised distri- 
bution" on V in the sense that £{x) C T^V /W{x) is a vector subspace for all 
X &V. Assume that the quadruple {TxV,ftx,y^ix),^{x)) is a multisymplectic 
vector space of type {k + l,r), for all x eV. A quadruple {V, fi, W, S) satisfy- 
ing the conditions in Theorem 3.28 will be called a multisymplectic manifold 
of type {k -|- 1, r). 

Theorem 3.28 Let W, be a multisymplectic manifold of type (k: -\- 

l,r). Let C he a k-lagrangian submanifold such that TC fl W/; = {0}. Then 
there exists a tubular neighbourhod U of C in V, and a diffeomorphism $ : 
U — > V — ^{U) C A^C into an open neighbourhood V of the zero cross- 
section in A^C such that ^*{{{ytc)r)\v) = ^\u, where {P'c)r 'the canonical 
multisymplectic {k -\- l)-form on A^C 

Proof: The proof is a consequence of the following two lemmas, which are 
proved in a similar way to Lemma 3.24 and Lemma 3.25. 

Lemma 3.29 Let {V, Q, W, S) be a multisymplectic manifold of type (/c+l, r). 
Let C be a k-lagrangian submanifold ofV which is complementary to W. Then 
there is a tubular neighbourhood U of C and a diffeomorphism ^ : U — > V C 
A^C, where V is an neighbourhood of the zero section, such that is the 
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standard identification of C with the zero section of h!^C, and 



^\{^ct)\v)=^\u. 

Lemma 3.30 Let (P, fi, "W, £) he a multisymplectic manifold of type {k+l,r). 
Let CJ he a k-isotropic suhmanifold of V which is transversal to W. Then 
there is a k-lagrangian suhmanifold C" of V which is complementary to W 
and contains CJ . 

Corollary 3.31 A multisymplectic manifold (P, 1], W, of type (A; + l,r) is 
locally multisymplectomorphic to a canonical m,ultisymplectic manifold A^M 
for some fihration M — > N. Therefore, there are Darhoux coordinates around 
each point ofV. 

Proof: We only need to choose a point in Lemma 3.30, and then apply The- 
orem 3.28. ■ 



4 Lagrangian and hamiltonian settings for classical field theories 

We remit to [1,9,10,13,14,15,16,17,22] for more details. 
4 ■ 1 Lagrangian formalism 

Let TTxy : Y — > -'^ be a fibred manifold, where X is an oriented n-dimensional 
manifold with volume form 77. We choose fibred coordinates {x^, y') on Y such 
that 

T^ = d''x = dx:^ ^ dx'\ ttxy{x^, y") = {x"), 

where = 1, . . . ,n, i = 1, . . . ,m, and dim Y = n + m. The notation 



will be very useful, since dx^ A d^~^x^ = d^x. 

Let L : Z — )• A^X be a lagrangian density, that is, L is an n-form on Z 
along the canonical projection ttxz '■ Z — > X. Therefore, L = Lr), where 
L : Z — > R is a function on Z, and f] equally denotes the volume form on X 
and its lifts to the difi^erent bundles over X. 

One constructs an n-form on. Z locally given by 

Ql^IL- zi^)d''x + —dy' A d^'-^x". 
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The {n + l)-form Q,l — —dOi is called the Poincare-Cartan form. 

The dc Bonder equation is 

ih^L ^ {n - l)nL (4.5) 

where h is a connection in the fibred manifold ttxz '■ Z — > X. 

Indeed, if c is a horizontal section of a solution h of (4.5) then cr is a critical 
section of the variational problem determined by L. 

If L is regular (that is, the hessian matrix 

dzidzi 

is regular) then such a section a is necessarily a 1-jet prolongation, say cr = j'^r, 
where r is a section of the fibred manifold 'Kxy '■ Y — X. 

If h is a solution of equation (4.5) and 

d d d ■ d 

h(——) = —— + v' — + z' — 



then we have 
if and only if 



ti^^L = {n - l)nL (4.6) 



iyi-4)-^~ = o (4.7) 

iP ^ (iP — z^^ = f4 81 

dt dxf^dzj^ ^^dyWzl ^"dzj^dzl^^" "^dtdzi ^'^ 



If L is regular, then Eq. (4.7) implies yl = zl and Eq. (4.8) becomes 

dt dx'^dzi ^dyWzl ''''dzidzi ^ ■ ^ 

If h is fiat (that is, the horizontal distribution is integrable) and a : X — > Z 
is an integral section, then a = j^{'KYZ ° cr), ^-nd (4.9) are nothing but the 
Euler- Lagrange equations for L: 

dy^ ^1 dx^^ \dz^J ^ ' 
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4-2 Hamiltonian formalism 



Denote by A^Y the vector bundle over Y of n-forms on Y, and by A'^Y its 
vector subbundle consisting of those n-forms on Y which vanish contracted 
with at least r vertical arguments. 

We have the short exact sequence of vector bundles over Y 

— > A^r — > A^r — ^z* ^ A^r/A^r — > o 

We choose coordinates as follows: 



A^F:(a;^|/^p) 
A^Y:{x^,y\p,p>;) 

since the generic elements in A^Y (resp. A.2Y) have the form pdP'x (resp. 
pd^x+p'^dy' ^dJ'-^x''). 

In order to have a dynamical evolution in the hamiltonian setting one need to 
choose a hamiltonian form h on Z*, that is, a section h : Z* — > of the 
canonical fibration pr : AjF — > Z* . 

The canonical multisymplectic form (ily)2 on A^ induces a multisymplectic 
form (of the same type) 

If Gfe = /t*(ey)^ then = -dQh- 
Since 

(Qy)^ = -dp A - dpf A dy' A d^'-^x" 

and 

h{x^,y\p'^) = {x^,y\p = -H{x'^,y\p^),p^) 
(in other words, h = —Hd^x + p^dy'^ A d^~^x^) we obtain 

^Ih^dH Ad"x-dp1 Ady' Ad^-^x^" (4.11) 



Consider a connection h* in the fibred manifold ttxz* '■ Z* — > X, and assume 
that 

d d ■ d d 
^ dx^" ' ^x^' dy' dp-^ 

Then 

ih* ^h^{n- 1)0;, (4.12) 

if and only if 
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dH 
dH 



yl=^ (4-13) 



EpI;--^ (4.14) 



If r : X — > Z* is an integral section of h*, and r{x'^) — {x'^ , y'' {x) , p'^) , then 
it satisfies the Hamilton equations 



dx'^ dpt ^ ' 

^ dx^ dy' ^ ' 



4.3 The Legendre transformation 

Let L be a lagrangian. We define the extended Legendre transformation 

legL -.Z^KIY 

by 

and the Legendre transformation 

LegL ■ Z — > Z* 

by LegL = pr o legL- A direct computation shows that L is regular if and only 
if LegL is a local diffeomorphism. L is said to be hyperregular if LegL is a 
global diffeomorphism. In such case, h — legL ° Leg2^ is a hamiltonian form 
on Z*. 

Since the next diagram 




is commutative and Leg^{Qh) = ©l, we deduce that Equations (4.6) and 
(4.12) are equivalent. This means that the solutions of both equations are 
related by the Legendre transformation. 
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5 The multisymplectomorphism a 



Consider the vector bundle A'^'^ Z with generic elements of the form 

This allows us to introduce local coordinates (x^, y^,z^^,ai, bf) in the manifold 

On the other hand, we shall denote by J^Z* the manifold of 1-jets of local 
sections of the fibred manifold ttxz* '■ Z* — )• X. We have a canonical projec- 
tion 

j T^YZ* '■ J Z* > Z 

Denote by (x'^, |/*, , yl,Pii,) the induced coordinates on J^Z* respect to nxz* '■ 
Z* — >X, such that 



Define a mapping 

a : J^Z* — > A^+^Z 

by 



The mapping a is a surjective submersion, or in other words, a : J^Z* — > 
A^'^^Z is a fibred manifold. In order to obtain a diffeomorphism, we need to 
"reduce" the manifold J^Z* . To do that, we introduce the following equiva- 
lence relation: 

j].a\ = j^(72 if and only if they have the same divergence, 
which in local coordinates {x^ , y\ Pi , yl, Pii,) and {x^,y'',Pi,yl,Pi^) means 

f = y\ Pi = Pi, yl = yl, a> = pt 



The corresponding quotient manifold will be denoted by J^Z*, and we have a 
fibration pr : J^Z* — > J^Z*. The induced mapping 

a : JiZ* — ^ A^+^Z 
is a diffeomorphism, and we have an induced projection 

j^TTyz* '■ J^Z* > Z 
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Therefore, we can transport the canonical multisymplectic {n + 2)-form 

= -d{Qz)^+^ on A^+^Z to JiF* such that ( J^Z*, is a multisym- 
plectic manifold, where il^ = a*{{^z)2~^^)- 

Remark 5.1 Following the terminology introduced by W.M. Tulczyjew in 
the^ymplectic context, and accordingly to Definition 3.17, we could call 

{J^Z*,Qa) a special multisymplectic manifold, since it is multisymplectomor- 
phic to a bundle of forms, and the multisymplectic (n + 2)-form is = —dOa 
(where Qa = 5*((6z)2^^)- In addition, the following diagram is commutative: 




Let L : Z — > A^X be a lagrangian density, that is, L is an n-form on Z along 
the projection ttxz '■ Z — > X. 

We put 

Theorem 5.2 A/j^ is a {n + 1) -lagrangian submanifold of the multisymplectic 

manifold {J^Z*,Qa)- In addition, the local equations defining Mj^ are just the 
Euler-Lagrange equations for L, where L, = Lrj. 

Proof: ^Prom the definition it follows that 

q;(A/'l) = imdL, 

In addition, we have 



«*((e>z)r') ^Ptdy' A d^x+pfdyi A d^x 
, , dL 



dh = —dy' A d^'x + ^dy], A d^x. 



Since ^^^^ 
if and only if 

pr*{jh^.\dL)-ea) = 
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which is in turn equivalent to 

(jW)*W = a*(ez)^\ 

we deduce that Aj^ is locally defined by 

Y^pI-^ (5.17) 

Pt-g^ (5.18) 

Equations (5.17) imply that a{N]^) = Imdh, and hence A/jl, is a (n + 1)- 
lagrangian submanifold of (J^Z*,^^). 

Furthermore, we have 



which are just the Euler-Lagrange equations for L. 



6 The multisymplectomorphism P 



Recall that there exists a one-to-one correspondence between connections in 
the fibred manifold nxz* '■ Z* — > X and sections of the 1-jct prolongation 
7rz*jiz* : J^Z* — > Z*. (At a pointwise level we have a one-to-one correspon- 
dence between horizontal subspaces in the fibred manifold ttxz* '■ Z* — > X 
and 1-jets in J^Z*.) 

Define a mapping 

p : J^Z* — > K'i+'^Z* 

as follows: given a connection h* in the fibred manifold tixz* '■ Z* — > X, we 
take the [n -I- l)-form 

/3(h*) = ih* ^K-{n- 1)Q^. 
An arbitrary {n -|- l)-form in K!^^^Z* is written as 

so that we can introduce local coordinates {x^^ y^pf , BV) on A2'^^Z*. 
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If we put 

d d d d 

or, equivalently, 

(when h* is considered as a section of J^Z* — > Z*), then a straightforward 
computation shows that 

fjfj f)]-f 



The mapping /3 is a surjective submersion. Thus, in order to have a diffeomor- 
phism we consider the induced mapping P : J^Z* — )• As"*"^^*. Therefore we 
obtain a commutative diagram 



J^Z* 



P 




where p : J^Z* 
p : J^Z* — ^ Z* 



Z* is the induced projection from the canonical one 



Define a (n + l)-form 0^ on J^Z* as 0^ = /3*((02.)2^^). Therefore, the pair 
{J^Z*, = —dQi3, is a multisymplectic manifold of type (n + 2, 2). 

RemcLrk 6.1 It should be noticed that pair ( J^Z*, Qp) is a special multisym- 
plectic manifold. 

Theorem 6.2 Let h* be a solution of the de Bonder equation. Then the pro- 
jection J\fh of the image ofh* by pr is a {n + l)-lagrangian suhmanifold of the 

multisymplectic manifold {J^Z*,flp). In addition, the local equations defining 
Hh are just the Hamilton equations for h. 

Proof: 



Since 
we have 



{ez*)2 = Ady' A + Bl^dpf A 



dH 



/3*((©zOr') = {Pt, + ^)dy' A d^x + (-y; + ^)dp^ A d^x. 



dp- 
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Therefore, the projection Mh of the image of h* by pr is just the inverse 
image of the zero-cross section of N^'^^Z*^ and hence it is a l)-lagrangian 

submanifold of (J^Z*,r2^). 

The second part of the theorem follows directly from the preceding discussion. 



7 Relating a and (5 



The above constructions are collected in the following diagram: 



a 



-J^Z* 



(3 



Since 



A^+^Z* 




pr*(e„) ^pf^dy' A rx+p';dy; A d^x 

BJ-f f)]-f 
pr*{Qfs) = (pr, + —)dy^ A d-x + i-yl + ^)dpf A d^x 



we deduce that 

pr* (e^-e^)^dh- {yidpl + pfdy;) A d"x 
^dh-d{p'^yl) Ad^'x 
^d(h-{j^yl)Ad-x) 

which implies that 0,^ — ^/3- 

Theorem 7.1 Let L be a regular lagrangian, and assume that h 
{LegL)-\ ThenNj^ = Nh. 



legL o 
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